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Introduction 
We shall show that random mating among full sibs in successive generations 
obtained from the cross of two haploid parents is an effective experimental 
procedure for estimating genetic variance components. Restricted random mating 
is, in fact, the basic procedure for quantitative inheritance studies involving 
two pure lines and must be followed, in one form or another, if the experiment 
is to yield estimates of all possible epistatic components of variance. 
This paper is the result of a contemplation of the problem of designing 
an experiment for studying quantitative inheritance in the haploid organism 
Neurospora. We define all possible epistatic effects and, under the assumption 
of no linkage, compute the various genetic variances and covariances which 
arise under the successive random mating of ·full sibs. Estimation of these 
genetic variances and covariances then permits, in addition, estimation of all 
possible epistatic components of variance. 
The Single Locus Problem 
We begin by considering the simplest case, that of a cross between two 
haploids YThich differ genetically at a single locus. let A0 and A1 denote the 
· two alleles involved so that we may express the genotype of one parent as A0 
and the genotype of the other as A1• We shall employ the same symbols, A0 and 
A1, to denote genotypic value (average phenotype with respect to the quantitative 
character) of the genotypes A0 and A1, respectivelyc The genotypic effect, a, 
will then be defined as the difference between the genotypic value A0 and the 
Ao + Al 
average genotypic value 2 ; thus, 
a = 
or 
AO. + Al 
Ao + a = 2 
Al 
AO + Al 
= 2 - a 
o:r; letting 
we have the identity 
In the F1 population obtained by crossing the genotypes A0 and A1 the 
genotypic distribution is 
The mean genotypic ~~lue in this population is therefore 
=a : o. 
and the genetic variance, denoted by v, is 
V = a2E{1-2j} 2 = a2 • 
Random mating among F1 individuals yields three possible crosses, A0 x A0 with 
probability~' A0 ~ A1 with probability~' and A1 x A1 with probability~· 
Each of these three crosses generates an 11F2 11 family. Thus, in the F2 genera-
tion the family consisting ~ntirely of the genotype Aj appears with probability 
t' j = o, 1, and the family c.~nsisting of ~ genotype A0 and ~ genotype A1 
appears with probability ~l> . The genotype Aj thus appears with f-requency ~~ 
j = 0,1, in the F2 population and in general, of course, random mating among 
members of a family will here simply reproduce the genotypic distribution in 
the family. The mean genotypic value among the progeny obtained by random 
mating within a family will therefore be equal to the parental mean in that 
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f~a~ly. The F2 mean is therefore equal to the F1 mean a0• The genetic 
variance among F2 family means, denoted by V(2,1) is therefore 
(2) 
and the average genetic variance within F2 families, denoted by V(2,2) is 
then 
V(2,2) 1 2 = ~. 
The total variance V in the F2 population is the same as that in the F1, 
V = V(2,1) + V(21 2) = ~2 + ~2 = a 2 • 
Random mating among F2 full sibs will again produce three genetically 
distinct F3 families. Thus, random mating among members of the. F2 family 
{ A0 } which appears w·ith frequency~ in the F2 population, will yield the 
F3 family { A0 } ; similarly, random mating among members of the F2 family 
{ A1 j will yield tile F3 family { A1} ; ra...'1dom mating among members of the 
F2 family consisting of ~· genotype A0 and ~ genotype A1 will yield the three 
families { A0 } , { ~0 + ¥1 } , { A1} with probabilities .ft, ~~ and ~' respect-
ively., The families { A0 1 and { A1 } therefore each appear with frequency 
~:~in t~e F3 popula~ion, and the family{~A0 + ~A1J appears with frequency 
~o The total frequency of the gene Aj in the F3 population is, of course, 
1 1 1 1 1 . 2 = ~ + g + ~ o 2 so the F3 mean = F2 mean = F1 mean. The total genet1c 
variance V in the F3 population may be partitioned into the three components 
V(2 1 1;3) = variance among the maans of the three F3 family groups which trace 
back to three F1 crosses A0 x A0, A0 x A1 ) and A1 x A1, respe~tively, 
V(31 2) = average variance among F3 family means within F2 families, and 
V(3,3) = average vari~~ce among individual genot~~es within F3 families within 
F2 families. ~nusr 
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v (2, 1; :5) = .*(a0+a)2 + ~[f(a0+a) + ~ t ~(a0+a) +_ ~~a0~a,>} + j(a0-a) ]2 + ~(a.0-a}2-a0 2 
1( . )2 1 2 1( )2 2 
= 1;:' ao+a + ~0. + 1;:' ao•a - ao ·~; 
1 2 =~·. 
V(31 2) = ~(o) + ~ [*(a0+a) 2 + ~[ ~(a0+a) + ~(a0-a)}2 + *(a0-a)2 - a02 ] + ~(o) 
1 1 2 
= 2. ~ 
The relationship between genotypic vali.les of the F3 families and their F2 
I?B+:ents may be evaluated as the covariance of the F 3 family group means and the 
F2 family me~., Denoting this covariance by Cov(21 1;312) we have 
Cov(2,1;3,2) = ~(a0+a)(a.0+a) 
+ ~[~(a0+~} + ~(a0-a)][~(a0+a) +_ ~ { ~(a0+a) + ~(a0-a) }+ *(a0-a)] 
+ ~(a0-a) (a0-a) 
To partition the variance in a general generation r we note that this 
generation contains a collection of individuals all of which trace back to the 
same genotypic cross in generation k-1, k ~ r. We call such a collection of 
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individuals a (k,r)-family. Under the assumption of no linkage the genotypic 
distribution within a (k,r)-family will be unaltered by the random mating of 
full sibs; i.e., the genotypic distribution among individuals in generation r 
which trace back to a particular cross in generation (k-1) and the genotypic 
distribution among individuals in generation s which trace back to this same 
cross in generation k-1 will be identical. The variance V(k,k-1; r) among 
(k,r)-family means within (k-11 r)~families will therefore be independent of r 
and hence equal to V(k,k•l), the variance among (k,k)~family means within 
(k~l,k)-families. Furthermore, because corresponding (k,r)- and (k,s)-family 
means are identical then the covariance Cov(k,k-l;r,s) of (k,r)- and 
(k,s)~family means wi~hin (k•l) lineages Will be e~~l to the variance V(k,k-l)o 
Thus, we see in the above com?utations V(21 1;3) = V(2,1} = Cov(2,1;3,2)~ 
To compute the variance V(k,k-1) for a general k we note that in generation 
Fk-l the three genetically different families { A0} , { ~A0 + ,~A1} > { A0 J appear 
with frenuencies -21(1 - k\·), --:-l.·:~; -21(1 .... k12), res:peet.iYely., In generation 
':1. 2 ooc 2.K:> '"· 2 -
Fk, then, the average genetic ve:iance among fandly groc;.p ::ne:ms within Fk-l 
families is 
+ ~(1 .. k:2) (0) 
2 
Since the total variance V = a2 in generation Fk is 
k 
V = .E V(j,j-1) + V(k,k) 
J=2 
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we have that the average genetic variance within fami~ies in generation Fk is 
k 
V(k,k) = V - .~V{j,~-~) 
J-..:; 
.!!.J!nlinked Loci 
If the origina~ parents differ genetica~ly at n ~oci then the F1 population 
will consist of 2n genotypes, each of which appears with frequency~. Denoting 
i i the two alleles at the i 1th locus by A0 and Ai we write the general genotype 
as 
and use the same symbol to denote genotypic value. The identity (1), with the 
symbols denoting genotype rather than genotypic value becomes, for n loci, 
n 
= u~O E 
Iu in {l, ••• ,n) 
where Iu = (i1, •• • , iu) is a set of u integers with 1 ~ 11 ~ ••• < iu s., n and 
iu is the complement ot lu with respect to the set (l, ••• ,n); i.e., iu is the 
set of integers in (l, ••• ,n) which are not in Iu• The notation 
E 
Iu in (1, ••• ,n) 
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then means the sum over all of the (g) subsets of (l, ••• ,n) containing u 
elements, and 
while the notation 
-,,-
i in I Yi 
u 
means the product of the n-u terms yi which satisfy i in Iu• Upon expanding 
the expression 
TT a IT_a 
i in Iu i i in Iu Oi 
and replacing the genotype 
Ai .. ~ 
= TT _o~,._..-""1..-
i in Iu 2 
n.. Ai I -I +I ... r 1 
u 0: 'I) 13 
by its genotypic value we then define the genotypic effect gi by 
u 
Then we may write for the general genotypic value 
n . lT l. 
i -lA. 
- J. l. 
= 
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1 1 2 2 For example, for n = 2, and letting A0 = A, A1 = a, A0 = B, A1 = b, we have 
AB + Ab + aB + ab 
go = 
AB + Ab ... aB - ab 
gl = 
AB - Ab + aB - ab g2 = 
AB .. Ab - aB + ab 
gl2 = 
and we interpret the quantity g1, for example, as the average effect of the 
gene A while -g1 is the average effect of the gene a 1 and g12 .is the epistatic 
effect. Thus, the taole of genotypic values obtained from the formula 
Ajl A2j = g0 + (l-2j )g., + (l-2j )&!... + (1-2. ) (1~,2. )g., 2 1 2 1 .l. 2 '"'"c J 1 J2 .1. 
would read as follows: 
A a 
B 
b 
Now if we assume no linkage; i.e., independent segregation at each of 
the n loci, then the array of families in generation Fku•l under random mating 
among full sibs may be written 
(3) n = u~o 
{ 
1 \)-0: 
• 2 u-o: 13~0 
" ~0 
lT A1 
I +I O 
0: t3 
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The Fk-l family defined by the brackets { } in (3) contains 2"-a genotypes, 
each appearing with the frequency~ • Under random mating among full sibs 2"-
this Fk-l family produces 3~-a familie& in generation Fk. Genetic variation, 
both within and between these 3"-a families occurs only at the u-a loci defined 
by the set Iu - Ia' and this genetic variation is precisely of the form which 
would be obtained in_ an F2 population derived from random mating in aaF1 popula-
tion which exhibits genotypic variation at u-a independent loci., We may compute 
the variance among families in such an F2 population from the formula (2) 
obtained earlier for the case n = 1. Thus 
vI -I (2,1) = 
" a 
Hence, we may write V(k,k-1) as 
V(k,k-1) 
rr Ai 
I 0 
a 
n " 
= 'Or:=l r: L. Iu cx=o 
TT Ai 
I -I 1 
n '0 
i . : .... A~' A1 I 
-I '' ). II \_:._::. 
I 2 
13 
TT A1 
I -I 1 
n " 
0 1 12 A. +A. ( .2:....---2:.) 2 
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n-'0 
8~0 (-1)8 
then 
u 1 1 n-u+a 1 u-a "'~0 ~ [ -(1 - ___:....)] [ -~·· J 
...... I . . I 2 2k-2 I 2k-2 
a J.n u 
(4) 
1 [a 
I .~I -I 7 f=o 13 J.n " a 
We shall show that this expression {4) for genetic variance among Fk family 
means within Fk-l families reauces to 
(5) 
To accomplish this we compute the coefficient of the cross product 
in (4). Since 
then 
= Im' say, 
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\-There I f\ I is the set. of el~ments common to the two sets I and Iy• Let 
X Y X 
I 9. . ~ . r.~ + I y + I 0 - Im 
Iq1 = I~ + IY' + I 0 , - Im 
Now consider the particular case of gi + g where ~ Iy + I 0 I13+I Y' + I 01 
and let Iy , I 0 , Iyr, I 0 , be. sets which satisfy 
0 0 0 0 
(6) (j j ) in I in I + (j J" ) m-x+l, ••• , m-x+r y0 . q m-x+l, ••• , m-x+r 
I 0 = I y + I 0 - I y 
0 0 
To compute the coefficient of g g I~ + Iy + Is I~ + lyt + I 01 
d 0 0 0 
in (4) we note 
that since Iy in Icx in I" and It' in I" - Icx in I" then-!" mu.St satisfy 
(?) (Jl•···•J....x..,.l +{Lr0 - (Jm-x+l'"""'Jm-x+rl}+{IYQ- (Jm-x+l'"""'JilHOI-o')} 
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(8) 
Likewise, since I y in Ia then Ia must satisfy 
(jm-x+1, ••• ,jm•x+r) + ( Iy0 - (jm-x+11 ••• ,jm-x+r)J 
(9) 
+ { Iya - (jm-x+1' • • .,jm-x+r)} in Ia 
. . . 0 
and since ~ in Iu - Io: then Ia must satisfy 
(10) 
We therefore have, as the coe·. f'ficient of giA + I Yo + It:t gi I I 
.... vO ~ + Yo+ 50 
in (4) 
n-q-q'-x-r+Y0+Y0 
. E 
u = m-x~r+y0+y0 
E 
Iu sa tie fying 
(7) and (8) 
• [!(1 -__L)-,. n-U+O: [~-
2 2k-2 J 2k-2 
u-(m-x) 
E 
o: = Y0+Y0-r 
E 
Io: satisfying 
(9) and (10) 
mu1 tip1ied by 2 if I~ + I y + It; ~ I~ + I~, + J8 , • Letting 
0 0 0 0 
this coefficient becomes 
1 1 
-(1- -) 2. 2k-2 
1 
2k-2 
-1"-
n-q-q'-x-r+Y0+Y0 
(ll) I: ( n-m-q•q' ) 
'o -m-x+r-Y: -Y.' 0 0 
u-(m-x)· 
E 
\) = m-x-r+Y 0+Y0 o: = Yo+y(,-r 
• co: c-u -(1 - ----) [ 1 1 ]n k k 2 2k-2 
n-q-q'-x-r+Y0+~ 
= E 
1+Ck u-m+x+r-r,0-y,0r ( n-m-q-q' ) ( ) 
u-m+x+r- 0-y0 --c;-
u = m-x-r+Y0+'rQ 
~ c-(m-x) 1 r 1 1 -! n 5o+5b 
k 2m-x 1_2(1 - 2k-2)_! (-1 ) -
= 
n-m-q-q' -n+m+q+q'-(m-x) 1 ~1 1 ~ n 50+5(, (1 + 2Ck) C - -(1- -) (-1) ~ k 2m-x _ 2 2k-2 _I 
[ 1 1 lq+q'+x- 1 -m-x 1 50+5(, = -2(1 - -k-2) - -k-2 (-1 ) -2 2 2m-x 
which is seen to be independent of ro We now observe that for the fixed sets 
It3 = (jl, ••• ,j ) m-x 
I nIt = 5 5 
the number of different sets Iy*which satisfy (6) and contain exactly y0 
0 
elements is ( Y ~ ) • Since IA + I -:~ + I 5-:E- = IA + I y + r5 then for all o r f-' Yo o f-' o o 
such I~ r5* = Iy+ I 5 - I Y*' we have 0 0 0 
(12) 
and the coefficient (11). Furthermore, since (11) depends only upon the 
number 50 = q + x ~ T0 of elements in the s~t I 5 and not upon the set itself 
.. 0 
then permitting 50 to range over the interval x- r ~50 ~ q + x- r we 
obtain as the coefficient 
which vanishes when q>O. This proves, then, .that whenit3 + Iy+ I 5 ~ It3 + Iy,+ I 5! 
the coefficient of gi + I + I gi + I + I ·in (4) is 0. 
. f3 y 5 t3 Y' 51 
We have now to examine the remaining case q = q' = o; i.e., we shall now 
compute the coefficient of g~ + I + I in (4). For this case the coefficient 
f3 y 5 
(11) becomes 
(13) rl 1 ~X [ 1 --(1- -~) -2 2k-2 . 2k-l 
- - -
m-x 
Since this does not d~pend upon rand since, for each r, 0~ r ~ x, there are 
(~) sets :i: yn Iy1 which can be formed by choosing r elements from the set 
(jm-x+l'•••,jm) then permitting r to vary over the interval 0~ r~ x we obtain 
f (x) = 2x 
r=O r · 
repetitions of (13). Furthermore, there are (xm) sets (j +1, ••• ,j ) which can m-x m 
be formed by choosing x elements from the set (i1, ••• ,im)' so we obtain as the 
coefficient of g~ + I + I = I 1 l ~ m ~ n, 
f3 y 5 m 
= ( 1 l )m ( 1 )m 1----+- - l ... -----2k-2 2k-l 2k-2 
= 
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and (5) is established. 
The total genetic variance in the Fk population is given by * 
n 
V =m~ll~m 
k 
= V(k,k) + j~2V(j,j-l) 
so that 
V(k,k) 
where 
k j~2V{j,j-l) = I: .E _1 x m .E n [ m k { l m=l x=O( ) (x) ·j::i2 2x(j-l) 2"(j~) }j .E g2 Im Im 
= ~ r ~ ( l)x(m) [ 1 m=lLx=O - x 2x{k-l) - 1~ z g2 Im Im 
n. ( 1 )m 2 
= m~l 1 - k"=l i gi 2 m m 
Thus, 
V(k,k) = q l- (l - ~)m .E g~ • m=l . 2k-l Im m 
Discussion and Summarl 
We consider the problem of estimating.genetic variance components in a 
haploid population derived from the cr9ss .of two genotypes which differ at n 
loci. The notation 
n . ~1A~.' ji=O or l 
J. 
is used to denote either genotype or genotypic value. The.epistatic, or 
interaction effect of them loci 11,12, •• Q,im in the set Im = (i1,12, ••• ,1m)' 
1 .c. 11 <:: •• o c::: i < n, is de:f.':.ned as 
- m-
*see [ 2] • 
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We assume that segregation is independent at n loci and that full sibs are 
mated at random in the successive generations following the initial cross. The 
genotypic distribution is therefore constant through successive generations 
and has a mean value of gi · = 1.\ and variance 
0 
or, denoting 
then 
n 
V = E E g2 
m=l I I m m 
E g~ ' Im m .... 
Successive generations exhibit a family structure and in generation r 
there exists a collection of individuals, called a (k,r)-fami~, which all 
trace back to the same genotypic cross in generation k-1, k ~r. Under the 
assumption of no linkage the (k,r)•family means and the (k,s)-family means 
are identical; their covariance, written Cov(k;r,s), is therefore equal to the 
variance V(k) among (k,k) .. fami~ means. The variance V(k) is expressible as 
a linear combination of the genetic variance components a:, m = 11 .o.,n; thus, 
( ) ( ) n ( 1 )m 2 Cov k;r, s = V k = m~l 1 - 2k-l am • 
Furthermore, the variance V(k) and, likewise, the covariance Cov(k; r,s} may 
be partitioned into k•l components V(j,j-1), j=2, ••• ,k, representing the 
average variance among (j,k)-fami~ means within (j-11 k)-fami11es, where 
Cov(j,j•1;r,s) = V(j,j-1) = ~ l{l - __!_)m- (1- __!_)ml a2 • m=1L~ 2k-1 2k-2 _ m 
.The average genetic variance within (k,k)-families is then 
V(k;k) = v • ·.,: (k) 
= E 1 - (1 - ----) n [ 1 mJ m=l 2k-l 
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It should be pointed out that the variance and covariance formulae 
given here apply to the population and not directly to an experimental situa-
tion. We may illustrate the application of these results by considering an 
experiment in which the k'th experimental generation is composed of t 1 
individuals per (k,k)-experimental family and tk-j+2 (j,k)-experimental families 
per _(j-l,k)-experimental family, j=2, ••• ,k, arranged in a completely randomized 
design. Then (see [ 1] ) the expectation of the experimental variance 
"" V(j,j-1) is given by 
where a2 is the average environmental variance. 
e 
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